In this paper, we classify the finite generalized quadrangles of order (s, t), s, t > 1, which have a line L of elation points, with the additional property that there is a line M not meeting L for which {L , M} is regular. This is a first fundamental step towards the classification of those generalized quadrangles having a line of elation points.
Introduction and statement of the main result
A (finite) generalized quadrangle (GQ) of order (s,t) is an incidence structure S = (P, B, I ) in which P and B are disjoint (nonempty) sets of objects called points and lines respectively, and for which I is a symmetric point-line incidence relation satisfying the following axioms.
(1) Each point is incident with t + 1 lines (t ≥ 1) and two distinct points are incident with at most one line. (2) Each line is incident with s + 1 points (s ≥ 1) and two distinct lines are incident with at most one point. (3) If p is a point and L is a line not incident with p, then there is a unique point-line pair (q, M) such that pIMIqIL.
If s = t, then S is also said to be of order s.
There is a point-line duality for GQ's of order (s, t) for which in any definition or theorem the words "point" and "line" are interchanged and also the parameters. Normally, we assume without further notice that the dual of a given theorem or definition has also been given. Also, sometimes a line will be identified with the set of points incident with it without further notice. This will be done frequently.
For notation and definitions not explicitly mentioned here, we refer to the monograph FINITE GENERALIZED QUADRANGLES by S.E. Payne and J.A. Thas [25] . For an extensive survey on recent results on automorphisms and characterizations of GQ's, see [34] .
Let S = (P, B, I ) be a GQ of order (s, t), s, t > 1.
An elation about the point p is either the identity, or a collineation of S that fixes p linewise and no point of P\ p ⊥ . By definition, the identity is an elation (about every point). If p is a point of the GQ S for which there exists a group G of elations about p which acts regularly on the points of P\ p ⊥ , then S is said to be an elation generalized quadrangle (EGQ) with elation point p and elation group (or base-group) G, and we often write (S ( p) , G) for S, or (S p , G). The natural models of finite generalized quadrangles for which each point is an elation point are the so-called 'classical' and 'dual classical' examples, as defined by J. Tits in [10] . Those are constructed as follows. 2 ), respectively PG(4, q 2 ). The points and lines of H form a generalized quadrangle H (3, q 2 ), respectively H (4, q 2 ), which has order (q 2 , q), respectively (q 2 , q 3 ).
Vice versa, using the CLASSIFICATION OF FINITE SIMPLE GROUPS (CFSG), see e.g. [9, 15] , F. Buekenhout and H. Van Maldeghem were the first to obtain the converse [4] : if a finite generalized quadrangle has the property that each point is an elation point, then it is one of the classical or dual classical examples. Recently, the author of this paper and H. Van Maldeghem found a classification-free proof of that result. Now consider an EGQ S of order (s, t), s = 1 = t. Then, by transitivity, we clearly have the following possibilities for S:
(a) S has precisely one elation point; (b) S has a line L of elation points; (c) each point of S is an elation point, and S is classical or dual classical.
In this paper, we will be concerned with the classification of GQ's of Type (b). Without additional hypotheses, this case seems completely hopeless at present, even if one allows the use of CFSG. In [37] , such a classification was obtained with the following additional hypothesis: (AB) There is a point on L so that the corresponding elation group is abelian.
If pIL is such a point, then p is called a translation point. If (AB) is satisfied, all points incident with L are translation points. The result we obtained was the following (for notions not explicitly defined yet, see Section 2, or [25] and [34] 
is odd, and S is the translation dual of the point-line dual of a flock GQ S(F).

If a GQ S has two non-collinear translation points, then S is always of classical type, i.e. isomorphic to one of Q(4, s), Q(5, s).
In [38] , the converse of (iii) was (unexpectedly) obtained: Each of these examples has the following essential properties (which characterizes the examples by Theorem 1.2, see [38] ):
(a) they have some line L each point of which is an elation point (in fact, each of these points is a translation point); (b) each line M of the GQ which meets L is a regular line (including L).
Therefore, we propose the (theoretically much more general) problem to classify the finite generalized quadrangles of order (s, t), s, t > 1, having a line L of elation points, satisfying the following additional assumption:
(R) There exists a line M not concurrent with L so that {L , M} is a regular pair of lines.
The following main result will be obtained: 
, s is even and S ∼ = Q(5, s); (iii) S is the translation dual of the point-line dual of a flock GQ S(F).
Conversely, each of the classes described in (i)-(ii)-(iii) satisfies the assumptions of the theorem.
We wish to obtain the main result in a "local-to-global" sense, such as in the spirit of [22] and [36, 37, 41] , so that each step in the proof is as transparent as possible for applications in more general situations. As such, the main result will be merely a corollary of much more general observations, see especially Theorem 5.1 (Main Structure Theorem).
In an appendix, we will describe a direct, but less general, approach for the case s = t. Remark 1.3. (Near polygons and spreads of symmetry) B. De Bruyn [5] , see also [6] , has developed a construction method for near polygons [27] from spreads of symmetry of generalized quadrangles, and new spreads of symmetry would yield new near polygons. Many new classes of near polygons were thus discovered. For generalized quadrangles of order (s, s 2 ), s > 1, only one class of examples is known admitting spreads of symmetry, namely the classical example Q(5, q), q = s, arising from a nonsingular elliptic quadric in PG(5, q) (and in that case there is a unique class of spreads of symmetry).
In [7] , the authors started to investigate theoretically general classes of GQ's admitting a spread of symmetry. The following is taken from [7] . A subquadrangle, or also subG Q, S = (P , B , I ) of a GQ S = (P, B, I ) of order (s, t), s, t > 1, is a GQ for which P ⊆ P, B ⊆ B, and where I is the restriction of I to (P × B ) ∪ (B × P ). A subGQ of order (s, 1), s > 1, is sometimes called a grid
Symmetry in generalized quadrangles
A collineation or automorphism of a generalized quadrangle S = (P, B, I ) is a permutation of P ∪ B which preserves P, B and I. Here, Aut(S) denotes the automorphism group of S.
An axis of symmetry L of S is a line for which there is a full group of size s of collineations of S fixing L ⊥ elementwise. Dually, one defines a center of symmetry.
is an EGQ with elation point p, and if each line incident with p is an axis of symmetry, then we say that S is a translation generalized quadrangle (TGQ) with translation point p and translation group (or base-group) G. In such a case, G is uniquely defined; G is generated by all symmetries about every line incident with p, and G is the set of all elations about p, see 8.3.2 of [25] . That p is indeed a translation point in the sense of Section 1 follows from Theorem 2.2 below.
Theorem 2.1. ([25], 8.3.1) Let S = (P, B, I ) be a GQ of order (s, t), s, t > 1. Suppose each line through some point p is an axis of symmetry, and let G be the group generated by the symmetries about the lines through p. Then G is elementary abelian and (S
( p) , G) is a TGQ. Theorem 2.2. ([25], 8.2.3) Suppose (S (x) , G) is an EGQ of order (s, t), s = 1 = t. Then (S (x) , G)
is a TGQ if and only if G is an (elementary) abelian group. Remark 2.3. (i) Each line of the GQ's Q(4, s) and Q(5, s)
is an axis of symmetry.
(ii) Each known GQ (see Chapter 3 of [41] for a detailed account), except for H (4, q 2 ) and H (4, q 2 ) D , contains axes of symmetry or is constructed from a GQ with axes of symmetry (up to duality), see [41] for a classification of the possible configurations of axes of symmetry in GQ's.
Finally, the following result will be essential for the proof of the Main Result:
Theorem 2.4. (I. Bloemen, J. A. Thas and H. Van Maldeghem [2]) Each EGQ of order ( p, t), p, t > 1, with p a prime, is isomorphic to W ( p), Q(4, p) or Q(5, p).
Split BN-pairs of rank 1
A (group with a) split BN-pair of rank 1 is a permutation group (Y, G), where G acts on Y, which satisfies the following properties.
(BN1) G acts 2-transitively on Y; (BN2) for every y ∈ Y the stabilizer of y in G has a normal subgroup (called a root group) which acts regularly on Y \{y}.
If Y is a finite set, then the split BN-pair of rank 1 also is called finite. The following theorem classifies all finite split BN-pairs of rank 1 without using CFSG, see [26] and [18] . Every root group has order s. In all of the cases except in Case (i), s is a prime power. We have that |PSL(2, s)| = (s + 1)s(s − 1) or (s + 1)s(s − 1)/2, according to whether s is even or odd; in the other cases, we have that |R(
, and |PSU(3,
(gcd(a, b) denotes the greatest common divisor of a and b; a, b ∈ N).
Proof of the main theorem STANDING HYPOTHESIS. In this section, unless otherwise explicitly mentioned, S = (P, B, I ) is a GQ of order (s, t), s, t > 1, and L ∈ B is a line of elation points so that Property (R) holds (w.r.t. M).
We will also suppose that s > 2, and refer to Chapter 6 of [25] for the case s = 2.
NOTATION. Let pIL. Then by G p we denote the elation group of size s 2 t of elations with center p as defined to exist by the STANDING HYPOTHESIS.
First of all, we note that L is a regular line. For, suppose M is an arbitrary line of that there is some collineation in Aut(S) mapping M onto M , and hence {L , M } is a regular line pair. So L is regular. Note that, as L is regular, we have that s ≤ t. We distinguish some cases.
THE CASE s EVEN
First suppose s to be even. Then as L is regular, by [16] , [8] and [33] , each point incident with L is a translation point. By Theorem 1.1, it thus follows that we have one of the following possibilities:
Let s be odd. Define the following incidence structure L : 
N fixes x linewise, and the point corresponding to {L , N } ⊥ . One notes that (G x ) N acts faithfully on L . As (G x ) N has size s as a collineation group of L , the line N = proj x N is an axis of (G x ) N (and in S, proj N x is linewise fixed by (G x ) N ). So L is (x, qx)-transitive for each point xIL, implying that L is a plane of Lenz-Barlotti class III. By [17] , L is Desarguesian, and hence
2 Also, by the preceding considerations, we immediately have the following property:
. . , N s }, and define As s is odd, we hence have that s ∈ {3, 5, 7, 9} if = PSL(2, s). But as S is an EGQ (for each point on [∞]), S is classical by Theorem 2.4 if s = 9, so S is isomorphic to one of Q(4, s), W (s), s ∈ {3, 5, 7}. As S contains a regular line, the dual of 3.3.1(i) of [25] yields that S ∼ = Q(4, s), s ∈ {3, 5, 7}. If s = 9, then by Theorem 6.3 of the Appendix, S is a TGQ, so that the result follows from [24] (see also the Appendix for more details).
Hence we infer that i, j /(N i ∩ i, j ) = (N i )/N i , and it readily follows that each element of (N i ) fixes N j (and thus also that each element of (N i ) fixes N i ). So This concludes the proof of the main result for the case where s = t.
In fact, we can now obtain the following result: Proof: First suppose that s > 9 and that s is odd. By essentially the same arguments as in THE CASE s = t (where one now defines 0, j as ( (N 0 )) N j , with N 0 = N and 0 = j, to conclude that 0, j = ), it follows that each line of {L , N } ⊥ is an axis of symmetry, thus S is span-symmetric (in the terminology of Section 10.7 of [25] ). All span-symmetric GQ's of order s > 1 are classified, see [22] , and, independently [36] ; they are isomorphic to Q(4, s) . Now suppose that s is even. With 0, j as above, 0, j /(N 0 ∩ 0, j ) is a subgroup of (N 0 )/N 0 ∼ = PSL(2, s) of size at least (s + 1)s, with the additional property that gcd(| 0, j /(N 0 ∩ 0, j )|, s) = 1. Thus we may conclude the result if we are not in one of the cases (2)- (3)- (4) . Now suppose we are. Then s ≤ 4, and the theorem follows from 6.3 of [25] (recall that s is a prime power).
Finally, suppose that s ≤ 8; then s ∈ {3, 5, 7}, and s is a prime. Fix a point pIL, and consider the group H = (G p ) N of size s. Then clearly, H fixes all lines of {L , N } ⊥⊥ , and thus proj p N is an axis of symmetry. The result follows as before.
A USEFUL OBSERVATION
From now on, we suppose that t > s.
Let N be, as before, non-concurrent with L. 
. . , y s }), and let
Now suppose that t < s 2 , and that there is a point xIL and a point y ∼ x for which |{x, y} ⊥⊥ | ≥ 3. Then clearly, by transitivity, the latter holds for every point x incident with L and every y ∼ x. So |{n i , y j } ⊥⊥ | ≥ 3. But then ( * ) implies that We use the notation of the preceding paragraph.
Then note the following properties:
r acts 2-transitively on X; r for every M i ∈ X, H i is a normal subgroup of M i which acts regularly on X \{M i };
this normal subgroup is the group of elations about x i which acts regularly on N \{n i }, which is guaranteed to be unique by Observation 4.2.
Hence (X, /N) is a (finite) split BN-pair of rank 1, where N is the kernel of the action of onto X, and /N is one of the following groups as listed in Theorem 3.1 (recall that s is odd):
(a) a sharply 2-transitive group;
Suppose acts sharply 2-transitively on X (which has size s + 1). Then by Theorem 3.4B (i) of [11] , s + 1 is a prime power. As s is odd, s + 1 is a power of 2, say 2 m . Also, by [14] , the fact that S is an EGQ and that s ≤ t, implies that s is the power of some (odd) prime p. Let us write p n + 1 = 2 m . We distinguish two cases:
, and this is only possible when n = 1. So S is of order ( p, t), where p is a prime. So by Theorem 2.4, S is classical or dual classical (a situation which can only occur when s = 3, as acts sharply 2-transitively on X).
Note that we have, in fact, obtained a proof of the following theorem:
Theorem 4.3. (i) Let S be an EGQ of order (s, t), s, t > 1, where s is the power of an odd prime. If S has some line L so that the stabilizer of L in the automorphism group of S contains a subgroup which acts sharply 2-transitively on L, then s = 3, and S is isomorphic to W (3), Q(4, 3) or Q(5, 3). (ii) Let S be an EGQ of order (s, t), s, t > 1, where s ≤ t and s is odd. If S has some line L so that the stabilizer of L in the automorphism group of S contains a subgroup which acts sharply 2-transitively on L, then s = 3, and S is isomorphic to W (3), Q(4, 3) or Q(5, 3). THE CASES (B)-(C)-(D), s < t ≤ s 2
In this paragraph, (X, /N) is a finite split BN-pair of rank 1, and we may assume that /N is one of the following groups:
As N leaves X elementwise invariant, N and the H j 's normalize each other. Also, for each H i we have that H i ∩ N = {1}, thus, as the H j 's generate , we have that N is in the center Z ( ) of (actually, N is the center of if we are not in Case (a), as Z ( /N) = {1}). We now recall an argument due to W. M. Kantor, cf. [22] . In each of the groups considered in (b)-(c)-(d), we have that, for arbitrary i = 0, 1, . . . , s, H i N/N ∼ = H i is contained in ( M i /N) . As the actions of M i on H i and H i N/N are equivalent, it follows that H i ≤ , so that ≤ . So is a perfect group, and is a so-called perfect central extension of /N. Now by, e.g., [40] , it follows that as /N does not act sharply 2-transitively on X, /N ∼ = PSL(2, s). By exactly the same argument as in THE CASE s = t, that is, by using Dickson's classification, we may now conclude that fixes each line of X ⊥ (note that it is essential to identify /N with PSL(2, s)).
Assume that acts semiregularly on S\ . Let be an arbitrary -orbit in S\ . r Points. The elements of P are the points of the incidence structure and they are just the points of ∪ . Then by [40] , S is a subGQ of S of order s. Thus, by 2.2.2(ii) of [25] , t = s 2 . Each of the elation points of L in S is also an elation point of S (by a combination of 2.2.2 and 8.1.1 of [25] ), and L is a regular line in S , so by THE CASE s = t, S ∼ = Q(4, s). As there are s + 1 distinct -orbits in S\ , it immediately follows that L is contained in at least (and then precisely, by straightforward counting) s 3 + s 2 distinct subGQ's of S of order s, all isomorphic to Q(4, s) . By [38] (see also, implicitly, [30] ), it follows that each point incident with L is a translation point, and so by [37] , S is the translation dual of the point-line dual of a flock GQ S(F). Now suppose that does not act semiregularly on S\ . As fixes X ⊥ elementwise, we then have that contains a nonidentity element which fixes a subGQ S of S of order s pointwise. Hence, by 2.2.2(ii) of [25] we can infer that t = s 2 . Again, we have that S ∼ = Q (4, s) . If N is the kernel of the action of on S , it follows that |N | = 2 (by 1.4.2(ii) of [25] ). As N is a normal subgroup of of size 2, N ≤ Z ( ). On the other hand, if one considers the restriction of to S ∼ = Q(4, s), then it is straightforward to see that /N ∼ = SL(2, s) (as each of the H i 's induces a full group of symmetries about M i in S , and recalling [22, 36] ). But this implies that is a perfect central extension of SL(2, s) of size 2(s 3 − s), which cannot occur (see p. 302 of [15] ).
The main result follows.
From elation points to centers of transitivity, and beyond
It is our purpose to obtain the following result, that generalizes (but uses the proof of) the Main Result of [37] , and Main Theorem 2 of [41] . The proof almost completely follows from the above, except for the sharply 2-transitive case. There, we have to use a group theoretical technique of [22] . As a corollary, we will show that in the main result, one can replace 'elation point' by 'center of transitivity'. In fact, we will even show that in each of the (local) subresults, one can replace 'regular action' by 'transitive action'. fixing precisely a subGQ of S of order (1, s) elementwise. One notes that the order of θ divides s − 1 (and hence that order is at least 3). Also, θ acts semiregularly on the points of S\ . Now consider a line U ∈ {L , N } ⊥ which is not incident with a point of . Then |U θ | ≥ 3, and each line of U θ is contained in {L , N } ⊥ . Moreover, each line of U θ , and hence of {L , N } ⊥ , is concurrent with the same s + 1 lines of . This is a contradiction (for, in a GQ of order (s, t), s, t > 1, a span of a regular pair of non-concurrent lines cannot have the property that its trace is contained in a subGQ of order (1, t)), so |H * | = s, and it follows that H * is a normal subgroup of (G p ) N . Hence with the group generated by the H * 's (letting p vary), and with N the kernel of its action on X, (X, /N) is a split BN-pair of rank 1.
Let s be odd. Suppose xIL is so that there is some point y I N, y ∼ x for which {x, y} ⊥⊥ has size at least 3. Then by A USEFUL OBSERVATION, we have that {x, y} is a regular pair of points, and this is true for all xIL and all y I N, x ∼ y. Now applying the same deduction as in the even case, and with the same notation, we may conclude that (X, /N) is a split BN-pair of rank 1 (in fact, it will be clear later on that this case cannot occur). Now suppose, for general (s, t), 1 = s ≤ t, that each span of two non-collinear points of which one point is incident with L and the other with N, has size 2, and note that if s < t, we already knew that this is always the case (the case where s is even has the same proof). Let y i I L be arbitrary. Consider the group H (M i , y i ) of all whorls about y i fixing N. Then by the proof of 8.1.1 of [25] , we have that each element θ of H (M i , y i ) that fixes at least two distinct elements of X \{M i }, is the identity on X (and then also on S, as θ is a whorl about y i , and by 2.2.2 and 2.4.1 of [25] ). So (X \{M i }, H (M i , y i )) is a Frobenius group, and the Theorem of Frobenius (cf. [11, p. 86] ) implies that H (M i , y i ) has a unique normal subgroup H i acting regularly on X \{M i } and it has size s as an automorphism group of S. Hence with the group generated by the H (M j , y j )'s and N the kernel of the action of on X, (X, /N) is a finite split BN-pair of rank 1.
By the preceding considerations, we can conclude that we have the following possibilities:
(a) /N is a sharply 2-transitive group on X; (b) /N ∼ = PSL(2, s), t = s 2 and we have the conclusion of Theorem 5.1, except when s = 4 and is a perfect central extension of SL(2, 4) of size 2(s 3 − s) = 120 (which gives no contradiction with p. 302 of [15] ); then we have that S ∼ = Q (5, 4) by [29] , as S contains a subGQ of order 4 isomorphic to Q(4, 4) (by the end of Section 4); (c) /N ∼ = PSL(2, s), t = s and we have the conclusion of Theorem 5.1.
Regarding Case (a), we refer to [22] .
We are ready to obtain: 
s is even and S ∼ = Q(5, s); (iii) S is the translation dual of the point-line dual of a flock GQ S(F).
Conversely, each of the classes described in (i)-(ii)-(iii) satisfies the assumptions of the theorem.
Proof: By Theorem 5.1, we only have to consider the case s = t = 9 (the case s = 9 < t then follows from the proof of Theorem 5.1 and the proof of the Main Result). Let s = t = 9. By the proof of the previous result, we know that we are in one of the following cases:
(a) for each xIL and y ∼ x, {x, y} ⊥⊥ = {x, y}; (b) each point incident with L is regular.
Suppose we are in Case (a), and fix some point pIL. Then by 8.2.4 of [25] , the group of all whorls about p contains a normal subgroup which acts regularly on the points of S not collinear with p. Therefore S p is an EGQ, and the result follows from the Appendix to this paper.
Suppose we are in Case (b). As s = 9 is odd, 1.5.2(v) of [25] implies that L is antiregular (cf. 1.3 of [25] ). This contradicts the fact that L is regular. The theorem is proved.
Local moufang conditions and the main observations: classification
J. Tits [32] defines a generalized quadrangle of Moufang type, or a Moufang generalized quadrangle, as a generalized quadrangle S = (P, B, I ) in which the following conditions hold:
, the group of all automorphisms of S fixing p and q linewise and L pointwise is transitive on the points which are incident with a given line UIp, U = L, and different from p; (M ) the point-line dual notion of (M).
A GQ which satisfies either Property (M) or Property (M ) is generally called half Moufang.
The Moufang condition for generalized quadrangles is a special case of the Moufang condition for generalized polygons, as introduced by Tits in [44] . For GQ's, a Lenz classification would be a determination of the possible subconfigurations of triples ( p, L , q) of a GQ, where pI L I q = p, for which the GQ is Moufang. Some configurational results were already obtained by several authors, see [39] for a detailed account:
-the result of J.A. Thas, S.E. Payne and H. Van Maldeghem [32] , which asserts that every half Moufang GQ is automatically Moufang; -the result of P. Fong and G.M. Seitz [12, 13] for generalized quadrangles, which implies that each Moufang GQ is classical or dual classical 3 ; -the classification of K. Thas and H. Van Maldeghem [43] of the GQ's for which each point is an elation point (the so-called 'strong elation generalized quadrangles'), which is more general than the first result in this enumeration.
In [41] , we then presented a theory which classified the possible subconfigurations (ii) Suppose that for all N ∼ L and each nIN, (proj L n, N , n) satisfies (UM). Then one of the following holds:
s is even and S ∼ = Q(5, s); (c) S is the translation dual of the point-line dual of a flock GQ S(F).
The converse also holds. Remark 6.2. If one replaces (UM) in Theorem 6.1 by (M), then it is not so hard to obtain the same conclusion of Theorem 6.1, only with the use of the classification of span-symmetric generalized quadrangles of order s, the main result of [37] and Main Theorem 2 of [41] . We leave the proof for the interested reader.
Appendix A: Alternative Proof for the Case s = t
In the appendix, we will obtain the Main Result for THE CASE s = t as a corollary of the following theorem. So, under the STANDING HYPOTHESIS of the main result (and using the same notation), it follows that each point on L is a translation point, hence every line of S is regular. So S ∼ = Q(4, s) by the point-line dual of 5.2.1 of [25] , and by 3.2.1 of loc. cit. We also have Proof: By Theorem 6.3, (S x , H ) is a TGQ with translation point x. The corollary then follows from IX of [24] .
